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Abstract. Generalized (k, yu)-space forms are introduced and studied. We deeply study 
the contact metric case and present examples for all possible dimensions. We also analyze 
the trans-Sasakian case. 

2000 Mathematics Subject Classification: 53C25, 53D15. 

Keywords: Generalized Sasakian space form, (k, /x)-space, contact metric manifold. 

1 Introduction 

A generalized Sasakian space form was defined by the first named author (jointly with Pablo 
Alegre and David E. Blair) in [1] as that almost contact metric manifold (M 2n+1 , <ft, £, 77, g) 
whose curvature tensor R is given by 

R= fiRi + f2R2 + fcR 3 , (1.1) 
where f\, f'2, fz are some differentiable functions on M and 
R X (X,Y)Z = g(Y,Z)X-g{X,Z)Y, 

R 2 {X,Y)Z = g(X,<f>Z)<f>Y-g(Y,<f)Z)<f>X + 2g(X,<f>Y)<f)Z, 

R 3 (X,Y)Z = V (X)r ] (Z)Y-r ] (Y)r ] (Z)X + g(X,Z)r ] (Y)^-g(Y,Z)r](X)^ 

for any vector fields X, Y, Z on M. We denote it by M(fx, f 2 , Z^)- Since then, several papers 
have been appeared concerning this topic: [2], [3], [4], [5], [6], [7], [8], [15], [16] and [21]. 

On the other hand, a generalized (/t, /i)-space is a contact metric manifold (M 2n+1 , <j), £, 77, g) 
whose curvature tensor satisfies the condition 

R{X,Y)£ = k {77 (Y)X-r) (X) Y } + fi {77 (Y) hX - 77 (X) hY } , 

for some smooth functions k and fi on M independent of the choice of vectors fields X and 
Y. If k and \x are constant, the manifold is called a (k, /i)-space. T. Koufogiorgos proved 
in [17] that if a (k, /x)-space M has constant 0-sectional curvature c and dimension greater 
than 3, the curvature tensor of this (k, /i)-space form is given by 

R = Ri + "—t^ R2 + - k ) R 3 + I R 4 + R b + (1 - fi) Re, (1.2) 
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where R±, R2, R3 are the tensors defined above and 



R 4 {X, Y)Z = g (hY, Z)hX-g (hX, Z)hY + g (<f)hX, Z) <f)hY - g (<f)hY, Z) <f)hX, 

R 5 (X,Y)Z = g (Y,Z)hX-g(X,Z)hY + g(hY,Z)X-g(hX,Z)Y, 

Re(X,Y)Z = V (X)r l (Z)hY-r l (Y)r l (Z)hX + g(hX,Z)r 1 (Y)Z-g(hY,Z)r 1 (X)Z, 

for any vector fields X, Y, Z, where 2h = L^(p and L is the usual Lie derivative. Now, 
a natural question arises: is it possible to generalize the notion of (k, /i)-space form, by 
replacing the constants in equation (1.2) by some differentiable functions? 

Therefore, in view of the previous works on generalized Sasakian space forms, we say 
that an almost contact metric manifold (M 2n+1 , 0, £, 77, g) is a generalized (k, h)- space form 
if there exist differentiable functions f±, f 2 , ^3, f 4 , /s, f% on M such that 

R = I\Ri + /2-R2 + I3R3 + /4-R4 + /5-R5 + /6-R6- 

It is obvious that (k, /i)-space forms are natural examples of generalized (k, /i)-space forms, 
with constant functions 

t _ c + 3 f _ c ~ 1 ^_ c + 3 f _ 1 / _ -, / _ -, 

Jl — ^ ) J2 — J3 — /4 — ^> i5 — J6 — 1 - A 1 - 

We also have generalized Sasakian space forms, with — f 5 — / 6 = 0. 

Thus, in this paper we introduce and study generalized (k, /z)-space forms. The paper is 
organized as follows. The section 2 contains some necessary background on almost contact 
metric geometry. After that in section 3 we formally give the definition of generalized (k, //)- 
space forms and check that some results that were true for generalized Sasakian space forms 
are also correct for generalized (k, /z)-space forms. Then, we obtain some basic identities for 
generalized (k, /z)-space forms that are analogous to those satisfied by Sasakian manifolds. In 
section 4 we prove that contact metric generalized (k, /i)-space forms are generalized (k, //)- 
spaces with k — f± — f 3 and fj, = — fe- Next, we observe that if dimension is greater 
than or equal to 5, then they are (—/is, 1 — /^-spaces with constant 0-sectional curvature 
2/6 — 1- Furthermore, f& = 1, /s = 1/2 and fi, f'2, fs depend linearly on the constant fa. 
We also give a method for constructing infinitely many examples of this type. After that, 
we pay attention to the 3-dimensional case, in which we prove that the expression for the 
curvature tensor is not unique and that several properties and results must be satisfied. 
We also check that the example of generalized («, /z)-space with non-constant k and /i that 
T. Koufogiorgos and C. Tsichlias provided in [18] is a generalized (re, //)-space form with 
non-constant functions f\, f'3 and f'4. Finally, we prove in section 5 that if a manifold is 
trans-Sasakian, then h — 0. Therefore, generalized (re, /i)-space forms with trans-Sasakian 
structure are generalized Sasakian space forms, already studied in [2]. 



2 Preliminaries 

In this section, we recall some general definitions and basic formulas which will be used later. 
For more background on almost contact metric manifolds, we recommend the reference [9]. 
Anyway, we will recall some more specific notions and results in the following sections, when 
required. 
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An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact metric 
manifold if there exist on M a (1, l)-tensor field 0, a vector field £ (called the structure 
vector field) and a 1-form r\ such that r)(£) = 1, 2 X = —X + 77 (X) £ and g((f>X,(f>Y) = 
g (X, Y) — rj (X) rj (Y) for any vector fields X, Y on M. In particular, in an almost contact 
metric manifold we also have 0£ = and i] o = 0. 

Such a manifold is said to be a contact metric manifold if dr? = $, where $ (X, F) = 
g(X,(j)Y) is the fundamental 2-form of M. If, in addition, £ is a Killing vector field, then 
M is said to be a K- contact manifold. It is well-known that a contact metric manifold is a 
X-contact manifold if and only if 

W x i = -<PX (2.1) 

for all vector fields X on M. Even an almost contact metric manifold satisfying the equation 
(2.1) becomes a X-contact manifold. 

On the other hand, the almost contact metric structure of M is said to be normal if the 
Nijenhuis torsion [0, 0] of equals — 2di] ® £. A normal contact metric manifold is called a 
Sasakian manifold. It can be proved that an almost contact metric manifold is Sasakian if 
and only if 

{Vx^Y = g{X,Y)i-r 1 {Y)X (2.2) 

for any vector fields X, Y on M. Moreover, for a Sasakian manifold the following equation 
holds: 

R(X,Y)^ = r ] (Y)X-r ] (X)Y. 

Given an almost contact metric manifold (M,<f>,£,r),g), a <p-section of M at p e M is a 
section II C T p M spanned by a unit vector X p orthogonal to £ p , and 0A P . The (ft- sectional 
curvature of II is defined by K(X,(f)X) = R(X , <pX , <pX , X) . A Sasakian manifold with 
constant 0-sectional curvature c is called a Sasakian space form. In such a case, its Riemann 
curvature tensor is given by equation (1.1) with functions f\ = (c + 3)/4, f 2 — f 3 — (c— 1)/4. 

It is well known that on a contact metric manifold (M, (/>,£, r),g), the tensor h, defined 
by 2h = L^0, satisfies the following relations [9] 

h£ = 0, V x £ = ~<PX - <f>hX, h<f> = -<j>h, tr(h) = 0, r]oh = 0. (2.3) 

Therefore, it follows from equations (2.1) and (2.3) that a contact metric manifold is K- 
contact if and only if h — 0. 

Finally, we assume that all the functions considered in this paper will be differentiable 
functions on the corresponding manifolds. 

3 Definition and first results 

In this section we give the formal definition of generalized (k, /i)-space forms and prove some 
basic results about these manifolds. Then we study some interesting properties of their 
curvature tensor. 
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Definition 3.1 We say that an almost contact metric manifold (M, 0, £, 77, g) is a generalized 
(k, /j,) -space form if there exist functions /1, / 2 , /3, A, /s, /6 defined on M such that 



R — f\R\ + /2-R2 + /3-R3 + /4-R4 + /5-R5 + 76-^6, (3.1) 

where R±, R2, R3, R4, R5, Rq are the following tensors 

R 1 (X,Y)Z = g(Y,Z)X-g(X,Z)Y, 

R 2 (X,Y)Z = g(X,<i>Z)4Y-g(Y,<i>Z)<j>X + 2g(X,4Y)<i>Z, 

R 3 (X,Y)Z = r ] (X)r ) (Z)Y-r ] (Y)r ] (Z)X + g(X,Z)r ] (Y)C-g(Y,Z)r ] (X)C, 

R 4 {X, Y)Z = g (Y, Z)hX-g (X, Z) hY + g {hY, Z) X - g{hX, Z)Y, 

R 5 (X,Y)Z = g(hY,Z)hX - g(hX,Z)hY + g(<j>hX, Z)<f>hY - g(<f>hY, Z)<f>hX, 

R 6 (X,Y)Z = V (X) V (Z)hY- V (Y) V (Z)hX + g(hX,Z) V (Y)Z-g(hY,Z) V (X)Z, 

for all vector fields X, Y, Z on M, where 2h = L^<p and L is the usual Lie derivative. We will 
denote such a manifold by M(f 1: . . . , / 6 ). 

Remark 3.2 It is obvious that (k, //)-contact space forms of dimension greater than 3 are 
natural examples of generalized (k, /i)-space forms, where 

c + 3 c-1 c + 3 1 

Jl — ^ ; J2 — J3 — K, J4 — 1, J5 — -, J6 — J- - A 1 

are constant. Generalized Sasakian space forms (defined in [1]) are also examples with 
fi — h — f& — ^ and /1, /2, /3 not necessarily constant. 

As we have already pointed out, /i = for a ^-contact manifold. Therefore, a generalized 
(/c, /i)-space form with such a structure is actually a generalized Sasakian space form. Hence, 
the following results are inferred from Proposition 3.6, Theorem 3.7 and Theorem 3.15 from 

[1]: 

Theorem 3.3 Let M(/i, . . . , / 6 ) be a generalized (k, /i)-space form. If M is a K-contact 
manifold, then fa — fi — 1. Moreover, M is Sasakian. 

Theorem 3.4 Let M(/i,...,/ 6 ) be a generalized (k, /i)- space form. If M is a Sasakian 
manifold, then f 2 — /3 = fi — 1. 

Remark 3.5 Sasakian manifolds are always i^-contact, while the converse is not true in 
general, only in dimension 3. However, we have just seen that being Sasakian and fT-contact 
are equivalent concepts for generalized (k, /z)-space forms. 

Using the properties of h, it can be proved that: 

Theorem 3.6 Let M(fi, . . . , / 6 ) be a generalized (k, /i)-space form. If M is a contact metric 
manifold with f 3 — f± — 1, then it is a Sasakian manifold. 
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Proof. Let M 2n+l be a contact metric manifold satisfying fz — fi — 1- Because of Theo- 
rem 3.3 we would only need to prove that M is X-contact, which is equivalent to checking 
that = 2n, where S denotes the Ricci curvature tensor (see [9], p. 92). 

If we take a local orthonormal basis {ei, . . . , e 2 „, £}, then a direct computation from (3.1) 
gives 

R(ei, £, £, d) = 1 + (/ 4 - h)g{hei, a), 

where we have used the properties of almost contact metric manifolds, the fact that ht; = 
and the hypothesis fi — / 3 = 1. Therefore, 



In In 



S (CO = ^i?(e l ,e,e,e l ) + ^,e,e,0 = E( 1 + ^-/6M^,e J )) 

i=l i=l 

= 2n + (/ 4 - / 6 ) 9(he h e,) = 2n + (/ 4 - / 6 )tr(/i) = 2n, 



i=l 



because of (2.3). □ 

We will now calculate K(X ) 4>X) (the 0-sectional curvature), K{X,^) (the {-sectional 
curvature) and K(</>X,£) for generalized («, /x)-space forms. 

Proposition 3.7 Lei M(/i, . . . , / 6 ) fea generalized (k, fi) -space form. Then the (fi-sectional 
curvature of the (fi-section spanned by the unit vector field X, orthogonal to zs gwen fry 

K(X,<j>X) = fi + 3f 2 + fag((h- cf>h<f>)X,X). 

If M is also a contact metric manifold, then the (p-sectional curvature is given by 

K{X,4>X) = h + Zf 2 , 

so it does not depend on the choice of vector field X. 

Proof. By applying the properties of an almost contact metric manifold, we can directly 
calculate from (3.1) the 0-sectional curvature of the 0-section spanned by {X, <f)X}, where 
X is a unit vector field orthogonal to £, as follows: 

K{X,4>X) = f 1 + 3f 2 + U{g(hX,X)+g(tuj>X,(j>X)} 
= h + $h + Ug{{h-4>h4)X,X). 

If M is a contact metric manifold then in view of (2.3), h(p = —<f>h and we get 

(h - (j)h<f)) X = (h + h(f) 2 ) X = h (X + (j) 2 X) = h (X - X) = 0. 

Therefore, in such a case, K (X, <pX) = f\ + 3f 2 . □ 
A direct computation, similar to that of Theorem 3.6, gives: 

Proposition 3.8 Let M(fi, . . . , / 6 ) be a generalized (k, ji)-space form. Then the ^-sectional 
curvature of the ^-section spanned by the unit vector field X, orthogonal to £ 7 is given by 

K(X,0 = h-h + (h - f 6 )g(hX,X). 
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Corollary 3.9 Let M(f\, . . . , / 6 ) be a generalized (k, n)- space form. If X is a unit vector 
field orthogonal to then 

K(<px, = h - h + (h - h)giWX, <f>x). 

If M is also a contact metric manifold, then 

X(0X,£) = h-h- (f 4 - f e )g(hX,X). 

Proof. The first assertion follows directly from Proposition 3.8. With respect to the contact 
metric case, we just have to take into account that 

g^HX^X) = - 9 {4>hX,4>X) = -g(hX,X) 

by virtue of (2.3). □ 
The following classic result appears in ([9], pp. 94-95): 

Lemma 3.10 Let M be a Sasakian manifold. If we put 

P(X,Y,Z,W) = dr ] (X,Z)g(Y,W)-dr ] (X,W)g(Y,Z) 

- drj (Y, Z) g(X, W) - d V (Y, W)g(X, W), 

then 

R(X, Y, Z, <PW) + R{X, Y, 0Z, W) = - P (X, Y, Z, W) (3.2) 
for any vector fields X, Y, Z,W on M and 

R{<j>X, 4>Y, <j>Z, <j>W) = R (X, Y, Z, W) , (3.3) 

R(X, <j>X, Y, <j>Y) = R(X, Y, X, Y) + R(X, <j>Y, X, <j>Y) - 2P(X, Y, X, <j>Y) (3.4) 
for any vector fields X, Y, Z, W orthogonal to £. 

Let (M, 0, ^, rj, g) be any almost contact metric manifold. We now denote 

P(X,Y,Z,W) = g(X,<l>Z)g(Y,W)-g(X,<j>W)g(Y,Z) 
- g(Y, <f>Z)g(X, W) + g(Y, <pW)g (X, Z) 

for any vectors fields X, Y, Z, W on M. In particular, if M is a contact metric manifold, 
P = P. We will study whether similar results hold true for generalized (k, /i)-space forms. 

We omit the corresponding proofs because they can be easily obtained by making direct 
computations from (3.1) and using (2.3) in the contact metric cases. 

Proposition 3.11 Let M(/i, . . . , / 6 ) be a generalized (k, /x) -space form. Given X, Y, Z, W 
orthogonal to we have 

Ri(<f)X,<f)Y,<f)Z,<t)W) = Ri(X,Y,Z,W) for i = 1,2,3,6. 

Therefore, 

R(<j>X, <f>Y, (f>Z, <j>W) - fM<f>X, <j>Y, <PZ, <j>W) - hR 5 ((f)X, <j)Y, 0Z, <j>W) 
= R (X, Y, Z, W) - f 4 R 4 (X, Y, Z, W) - f 5 R 5 (X, Y, Z, W) . 
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// M is also a contact metric manifold, then 

R 4 ((f)X, <f)Y, <j>Z, 4>W) = - R 4 (X, Y, Z, W) , 
R 5 (<f)X, <f>Y, <f>Z, <f>W) = R 5 (X, Y, Z, W) , 

and therefore 

R((j)X, <f)Y, <f>Z, <j)W) = R (X, Y, Z, W) - 2f 4 R A (X, Y, Z, W) . 
Proposition 3.12 Let M(fi, . . . , / 6 ) be a generalized (k, /i) -space form. Then 

R(X, Y, Z, <PW) + R(X, Y, 4>Z, W) = -(/i - f 2 )P (X, Y, Z, W) 

- U(P(hX, Y, Z, W) + P(X, hY, Z, W)) - 2f 5 P(hX, hY, Z, W) 

for any vector fields X, Y, Z, W orthogonal to £. 

It is clear that the above results extend Propositions 3.14 and 3.17 from [1]. To obtain a 
result similar to equation (3.4), we need the manifold to be a contact metric one: 

Proposition 3.13 Let M(f 1 ,...,f 6 ) be a generalized (K,/i)-space form. If M is also a 
contact metric manifold, then 

R(X,(f)X,Y,<f)Y) = R(X,Y,X,Y) + R(X,4>Y,X,<f>Y) 

- 2{h - f 2 )P(X, Y, X, 4>Y) - 2f 4 P(X, Y, hX, <j>Y) 

for any vector fields X, Y orthogonal to £. 

4 Contact metric generalized (k, /Lt)-space forms 

In this section we will study contact metric generalized (k, /i)-space forms. The first funda- 
mental fact is that such a manifold is a generalized (k, //)-space. 

Theorem 4.1 If M(fi, . . . , f 6 ) is a contact metric generalized (k, fj) -space form, then it is 
a generalized (k, /i)-space, with k = f\ — / 3 and /i — f 4 — f e . 

We know from Theorem 3.6 that M(f 1 , . . . , / 6 ) is Sasakian if k — fi — f 3 — 1. Under 
the same hypotheses, we also know that / 2 = fo (Theorem 3.4) and h = , so we may take 

h = h = h = o. 

In the remainder of this section we will study non-Sasakian manifolds M(f ± , . . . , / 6 ), that 
is, those with k — fi — f 3 ^ 1. 

We will use the following result from [10]: 

Theorem 4.2 If M is a (k, fi)- space, then k < 1. If k = 1, then h = and M is a Sasakian 
manifold. If k < 1, then M admits three mutually orthogonal and integrable distributions 
T>(0),T>(\) and T>{—\) determined by the eigenspaces of h, where A = y/l — k. Moreover, 

R(X X ,Y X )Z_ X = (K-^ig^Z^Xx-g^X^Z^Yx}, (4.1) 

R(X_x,Y_ x )Z x = (K-^ig^Y.^Zx^X^-g^X^ZxW.x}, (4.2) 

R(X x ,Y_x)Z-x = Kg(<pXx,Z_x)<pY_ x + M((j)Xx,Y_x)<pZ_x, (4.3) 

R{X X ,Y_ X )Z X = - K g(</>Y- X ,Z x )<l>X x -iig(<l>Y- X ,X x )<l>Z x , (4.4) 

R(X x ,Y x )Zx = (2(1 + A) -fi){g(Y x ,Zx)X x -g(Xx,Zx)Yx}, (4.5) 

R(X„ X ,Y_ X )Z_ X = (2(l-\)- fJ ,){g(Y_ x ,Z_ x )X_ x -g(X- X ,Z_ x )Y_ x }. (4.6) 
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The following results appear in [17]: 



Theorem 4.3 Let M be a (k, /i)-space of dimension greater than or equal to 5. If the <f>- 
sectional curvature at any point of M is independent of the choice of the (p-section at that 
point, then it is constant on M and the curvature tensor is given by 

R = £±i R l + ^ R 2 + - k ^r 3 + r 4 + Ir 5 + (1-^ (4.7) 

where c is the constant (fi-sectional curvature. Moreover, if k ^ 1, then /i — k + 1 and 
c = - 2k - 1. 

Theorem 4.4 Let M be a non-Sasakian (n, fi) -space of dimension greater than or equal to 
5. Then M has constant <fi-sectional curvature if and only if /i — k + 1. 

Furthermore, in [18] the following two theorems have been proved: 

Theorem 4.5 Let M be a non-Sasakian generalized (k, ji)-space of dimension greater than 
or equal to 5. Then, the functions n,fi are constant, that is, M is a (k, ji)-space. 

Theorem 4.6 Let M be a non-Sasakian generalized (k, fi)-space. If k, /i satisfy the condition 
an + bfi = c(a, b, c constant), then k, ji are constant. 

Applying the previous theorems to contact metric generalized (k, /x)-space forms M(f ± , . . . , / 6 ), 
we deduce: 

Theorem 4.7 If M(fi, . . . , f 6 ) is a non-Sasakian, contact metric generalized (k, n)-space 
form and a(f\ — f%) + b(f\ — / 6 ) = c, (a, b, c constant), then fi — f 3 and / 4 — / 6 are constant. 

We can also obtain the following theorem, in which we prove that the functions of a 
contact metric generalized (k, /x)-space form M(f ± , . . . , / 6 ) of dimension greater than or equal 
to 5 are constant and are related. We also obtain a kind of converse result. 

Theorem 4.8 // M(/ 1; . . . , / 6 ) is a non-Sasakian, contact metric generalized (k, [i)-space 
form of dimension greater than or equal to 5, then M has constant (fi-sectional curvature c 
and 

, . fe + l , _ h-l , 3/ 6 + l 
Ji 2 ' *^ 2 ' 2 

U = 1, / 5 = ^, U = constant > -1, 

k = — fe — constant < 1, 
/i = 1 — f 6 = constant < 2, 
c = 2/ 6 — 1 = constant > — 3. 

Hence M is a (—fe, 1 — f%)-space with constant (p-sectional curvature c = 2f 6 — 1 > —3. 

Conversely, let M be a (—fe, 1 — f%)-space of dimension greater than or equal to 5 and 
constant (p-sectional curvature c = 2/ 6 — 1 > —3. Then M is a non-Sasakian, contact metric 
generalized (k, ji)- space form M(fi, . . . , / 6 ) with constant functions f±, . . . , / 6 satisfying (4.8). 



(4.8) 
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Proof. In view of Theorems 4.1 and 4.5, it follows that M is a generalized (f\ — f%, / 4 — fe)- 
space and that f\ — f 3 , / 4 — / 6 are constant. Therefore, M is a (/i — / 3 , / 4 — / 6 )-space and 
applying Theorem 4.2 we obtain that the curvature tensor satisfies equations (4.1)-(4.6) for 
« = fi ~ h , V = U ~ fe, x x, Y x, z x e V W and X_ A , F_ A , Z_ A e P(-A). In particular 

i?(X A ,y A )Z_ A = (/i - / 3 - / 4 + / 6 ){</(^a, 2-a)^a - </(^ Al Z. A )ft}, 
i?(X A , Y-\)Z-\ = (/i - / 3 ) ff(0X A ,Z_ A ) 0y_ A + (/ 4 - / 6 )<?(0X A , Y1 A )0Z_ A , 

i?(x A ,y A )z A = (2(1 + vT^T^)-/ 4 + / 6 ){( ? (r A ,z A )x A -( ? (x A ,z A )r A }, 
i?(x_ A ,y_ A )z_ A = (2(1 - Vi - A + / 3 ) - /4 + / 6 ){^(y-A, ^-a)*-a - g(x-x, z_ x )y_ x }. 

On the other hand, using the definition of generalized (k, /x)-space form and the properties 
of contact metric manifolds we get: 

R(X X ,Y X )Z_ X = (/ 2 -/ 5 (l-/ 1 + / 3 )){^(0n,^-A)0X A -( 7 (0X A ,Z„ A )0r A }, 

r(x x ,y_ x )z_ x = -(/ 2 + / 5 (i-/i+/3)M^ A) z_^y_ A 

- f 2 g(<pX x , Y_ x )cf>Z_ x + ( /i - / 5 (1 - h + fs))g(Y- X , Z_ X )X X , 
R(X X ,Y X )Z X = (/i + / 5 (1 - h + fs) + 2/4^1 - /1 + /s) 

{<?(y A , z A )x A - <?pr A , z A )iu 

i?(x_ A ,y_ A )z_ A = (A + / 5 (i - /1 + / 3 ) - 2/4 Vi - /1 + / 3 ) 

{«?(y_ A , z_ A )x_ A - g (x_ x , z_ A )y_ A }. 

Combining both sets of equations we can write: 

(fi -h-U + f 6 ){g(</>Y x , z_ x )<\>x x - £(0X A , z_ A )0F A } 

= (/ 2 - / 5 (1 - fi + fs)){g(<pY x , Z^ X )<PX X - g(<pX x , Z_ X )<PY X }, (4.9) 

(fi - h)g{<t>x x , z_ x )<t>Y_ x + (/ 4 - / 6 )^(0X A , r_ A )0z_ A 

= - I/2 + / 5 (1 - fi + fs))g(<t>X x , Z_ x )<f>Y_ x - f 2 g(<pX x , Y„ X )<PZ„ X (4.10) 

+ (h - / 5 (i - h + fs))g(Y-x, z_ x )x x , 

(2(1 + + Js) -U + h){ g{Y x ,Z x )X x - g(X x , Z X )Y X } 

= (fi + / 5 (1 - fi + fs) + 2Wl-/i + /3){fl(n, ^a)X a - «?(X A , Z A )F A }, (4.11) 

(2(1 - VI - /1 + fs) -h + f 6 ){g( Y_ x ,Z_ x )X_ x - g(X_ x , Z_ X )Y_ X } 

= (/1 + /s (1 - /1 + fs) ~ 2/4VI-/1 + /3) (4.12) 

{ 5 (y_ A , z_ A ) x_ A - «? (x_ A , z_ A ) r_ A } . 

The dimension is greater than or equal to 5, so we can take two mutually orthogonal unit 
vector fields X x , Y x e T>{\) in the equation (4.9), so that if Z_ A = 4>X X we obtain 

(A - fs - h + m~^Y x ) = (f 2 - / 5 (1 - h + fs))(-<f>Yx), 
and we deduce that 

fi ~ fs ~ U + h = h - - fi + fs)- (4.13) 
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From (4.10) we obtain three equations, depending on the choice we make. If we take two 
mutually orthogonal unit vector fields Y_\, Z^\ e P(— A) and pick X\ = (fiZ^\, we obtain: 

-(/l-/ 3 )=/2 + /5(l-/l + /3)- (4-14) 

For Y_\, Z_\ £ T3(— A) orthogonal and unit and X\ = (f)Y_\, it follows that 

-(A - /e) = 2/ 2 . (4.15) 
If we now take Y1 A = unit and X\ = (f)Y_\, we have the following equation: 

-(/i-/3)-(/4-/ 6 ) = /i + 3/ 2 . (4.16) 
In (4.11) we choose two unit vector fields Y\, Z\ e T>{\) and X A = Z\ and we obtain 

2(1 + y/l-h + h) -h + f 6 = fi + / 5 (1 - /1 + / 3 ) + 2/4VI-/1 + /3. (4.17) 
Lastly, if we take two unit vector fields X_a, Z_a G £"(- A) and F_a = ^-a in (4.12) then 

2(1 - y/l - fi + / 3 ) -h + fe = fi + /s(l - /1 + /s) " 2/4V1-A + /3- (4.18) 
Combining and reordering equations (4.13)-(4.18), we get the following compatible system 



/l-/2-/3-/4 + /6 + / 5 (l-/l + /3) 
/l+/ 2 -/ 3 + / 5 (l-/l + /3) 

2/2 + / 4 - /e 
2/i + 3/ 2 -h + h-h 

h(i - J\ + h) + 2(/ 4 - i) Vi-/i + / 3 + h+h-h -2 
/ 5 (i - /1 + / 3 ) + 2(1 - / 4 )vi-/i + / 3 + h + h-h- 2 

whose solution is: 



1 









, _ /6 + 1 r _ h 
J I — o 5 J 2 — 



2 

/4 = 1, 



1 , _ 3/ 6 + 1 

~i J3 — o 1 



h = n> /e arbitrary. 



Therefore, k = h~ h = ~h, At = / 4 - / 6 = 1 - / 6 and c = h + 3/ 2 = 2/ 6 - 1, by virtue 
of Proposition 3.7 and Theorem 4.1. 

Now, since k is constant and less than 1, we have that f 6 is constant and greater than 
— 1 and we achieve the result. 

Conversely, given a (— h, 1 — /e)-space of dimension greater than or equal to 5 with <ft- 
sectional curvature c = 2h — 1 > —3, it follows that h must be a constant function greater 
than —1. It is sufficient to apply Theorem 4.3 with c = 2/ 6 — 1 to get that the manifold has 
curvature tensor 



R — — Ri + — R2 + — + + ~^ ^ 6 ^ 6 ' 



(4.19) 



so that it is a contact metric generalized (k, /z)-space form M(h, . . . , / 6 ) with functions 
fi,...,f e satisfying equations (4.8). It is obvious that the manifold is non-Sasakian because 

K = h-h = -h<l. □ 
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Remark 4.9 We observe that f'4, f§ 7^ in (4.8), so there are no examples of non-Sasakian, 
contact metric generalized Sasakian space forms of dimension greater than or equal to 5 
(already seen in [2]). 

We will now give a method to construct (— fa, 1 — /^-spaces with constant 0-sectional 
curvature c = 2/ 6 — 1 for every constant / 6 > —1. Due to the previous theorem, they will 
be examples of contact metric generalized (/c, /z)-space forms. 

Let M be a manifold of dimension greater than or equal to 5 and constant sectional 
curvature c s > — l(c s 7^ 1). Then its tangent sphere bundle with the usual contact metric, 
(TiM, £, 77, 0, g), is a (/c, /i)-space with k = c s (2 — c s ) 7^ 1 and \i = —2c s < 2 ([10, Theorem 4]). 



By applying a _D a -homothetic deformation (where a is a positive constant) we obtain 
(TiM,£,rj,~(j),g), with 

£ = - £, 77 = ai], = and g = ag + a{a — ® 77. 

(X 

It is known from [10] that this is a (7c, Z7)-space with 

K + a 2 - 1 . „ , /i + 2a-2 
re = - 7^ 1 and u = . 

cr a 

If we choose a = (/c — l)/(/i — 2) > 0, then /J — 7c + 1 and (7\M, £,77, 0,7j) has constant 
0-sectional curvature c = — (7c + 7i) because of Theorems 4.3 and 4.4. 

Therefore, 7c = — / 6 , 71 = 1 — f% and c = 2/ 6 — 1 if and only if 

(3 - f 6 ) c 2 s + (10 + 2/ 6 ) c s + (3 - / 6 ) = 0. (4.20) 

If / 6 = 3, equation (4.20) has solution c s = 0, which is in particular greater than —1 and 
not equal to 1. If / 6 7^ 3, then (4.20) has the real solutions 

which are not equal to 1 because f$ is greater than —1. Furthermore, if we consider the 
positive sign on (4.21), it can be proved that c s is also greater than — 1. Therefore, we have 
managed to obtain examples of (—fe, 1 — /e)- s P aces with the required conditions for every 
constant function / 6 > — 1. 

Remark 4.10 An alternative proof of Theorem 4.8 follows from [13, Theorem 5], which 
states that, if M is a non-Sasakian (k, /x)-space, then its curvature tensor R is given by 

R(X,Y,Z,W) = ( K l-^)R 1 (X,Y,Z,W)-^R 2 (X,Y,Z,W) 

+ (i-^-k)R 3 (X,Y,Z,W) + R 4 (X,Y,Z,W) 

+ (rrf) {9 {hY > z) 9 {hY > w) - 9 {hx > z) 9 w)} 

+ (fr^) {9 (<phY, W) g (<f>hX, Z) - g (<f,hY, Z) g (<j>hX, W)} 

+ (l-fi)R 6 (X,Y,Z,W). (4.22) 
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Therefore, if M(f\, . . . , fa) is a contact metric generalized (k, /i)-space form of dimension 
greater than or equal to 5 satisfying fi — f 3 < 1, then M is a non-Sasakian (k, /i)-space with 
k — fi — A < 1 and /x = / 4 — f 6 thanks to Theorems 4.1 and 4.5. Comparing (3.1) with 
(4.22), we obtain a system whose solution is given by (4.8). 

What can we say now for a 3-dimensional generalized (k, /i)-space form M 3 (/i, . . . , / 6 )? 
First, let us mention that the writing of its curvature tensor is not unique: 

Theorem 4.11 Let M 3 be a contact metric manifold such that its curvature tensor can be 
simultaneously written as 

R = fiRi + A# 2 + f 3 Rs + URa + hR 5 + hR & (4.23) 

and 

R = f*R, + f*R 2 + f*R 3 + f* 4 R 4 + f*R 5 + /*i? 6 , (4.24) 
where f± — f 3 < 1. Then the functions fi and f*, i — 1, . . . , 6, are related as follows, 

/r = /i + /, / 2 * = / 2 -/a n = h + f, / x 

(4.25) 

/ 4 * — /4 + /, /6 — f6 + f, 

where f and f are arbitrary functions on M. 

Proof. To prove this fact it is enough to consider a 0-basis {X, <f)X, £} and to calcu- 
late i?(X,£,,e,X), R((/>X,Z,Z,<f>X) and i?(X, 0X, 0X, X) by using both (4.23) and (4.24). 
Therefore, we obtain the system 

(fi - h) - (n - h) = ° 

[ft - U) - (/ 6 * - h) = 
(A* - /i) + 3(/ 2 * - f 2 ) = 

whose general solution is given by (4.25). □ 

Remark 4.12 In the conditions of the previous theorem, if k — f± — / 3 = 1, then M 3 is a 
Sasakian manifold and therefore it is a generalized Sasakian space form M(/i, / 2 , ^3). In [2], 
P. Alegre and A. Carriazo proved that in such a case the functions fi and /*, % = 1, 2, 3, are 
related as in (4.25). 

The converse of Theorem 4.11 is also true: 

Theorem 4.13 Let M 3 (fi, . . . , fa) be a contact metric generalized (k, n)-space form. If we 
define the functions f±, f£, f 3 , / 4 , /g as in (4-25), for certain functions f, f on M , and we 
take an arbitrary f£, then M 3 is also a generalized (k, fj,)-space form M 3 (/ 1 *, . . . , /g). 

Proof. It follows from (3.1) and (4.25) that the curvature tensor satisfies 

R = J2^ = J2 fi R * + (f (-^ + \ R * ~ R ^)-1 + Re) + (A - A) ^5) • 



12 



To obtain (4.24) it is enough to check that the last term vanishes, which is true because 

—R\ + — R2 ~ R3 = R4 + -^6 = R5 = 

o 

for every 3- dimensional contact metric manifold. □ 

Therefore, if M 3 (/i, . . . , / 6 ) is a contact metric generalized (k, /i)-space form, its curvature 
tensor can be written as 

R = ftRx + URi + ftRi, (4-26) 

so M 3 is also M(/*, 0, /*, / 4 *, 0, 0) for /* = fx + 3/ 2 , /* = f 3 + 3/ 2 , / 4 * = / 4 - / 6 . In order 
to consider an unique writing of the curvature tensor of a 3-dimensional, contact metric 
generalized (/c, /i)-space form, we will choose i? satisfying /| = /| = /g = 0. 

D. E. Blair, T. Koufogiorgos and B. J. Papantoniou classified the 3-dimensional (k, /j)- 
spaces in [10, Theorem 3]. Using that result and Theorems 4.1 and 4.2 we get: 

Theorem 4.14 Let M 3 (fx, . . . , / 6 ) be a contact metric generalized (k, (j) -space form. If 
/1 - / 3 ^ 1 and / 4 — / 6 are constant, then M satisfies 

2/i + 3/ 2 - / 3 + / 4 - / 6 = 0, (4.27) 

and i£ is locally isometric to one of the following Lie groups with a left invariant metric: 
SU(2)(or SO(3)), SL(2,R)(or 0(1,2)), E(2) (the group of rigid motions of the Euclidian 
2-space) or E{1, 1) (the group of rigid motions of the Minkowski 2-space). 
Moreover this structure can occur on: 

• SU{2) or SO(3) if 1 - A - f > and 1 + A - f > 0, 

{1 - A - f < and 1 + A - f > 
or 
1 - A - f < and 1 + A - f < 0, 

• E{2) z/l-A-| = and fi<2, 

• E(l, 1) if 1 + A - f = and fi > 2, 

where k = /1 - / 3 , A = y/1 - k and \i = -2 fx - 3/ 2 + f 3 - 

Proof. If fx — fs 7^ 1 and / 4 — /6 are constant, then Theorem 4.1 implies that M is a 
(/c, /i)-space with k — fx — fz ^ 1 and /x = / 4 — /6- Applying Theorem 4.2 we obtain that i? 
must satisfy the six equations (4.1)-(4.6). 

If we take unit vector fields Y_ x = Z_ x and X x = 4>Y_\ in (4.3), then 

- (/i-/ 3 )-(/4-/ 6 ) = /i + 3/ 2 . 

A short calculation yields 2f x + 3/ 2 — / 3 + / 4 — / 6 = and \x = —2 fx — 3/ 2 + / 3 . We only 
have to apply [10, Theorem 3] to end the proof. □ 
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Remark 4.15 We notice that the different cases of Theorem 4.14 depend on the value of k 
and /x, which are determined only by the functions f±, / 2 and / 3 and do not depend on the 
functions / 4 , / 5 or / 6 . 

Let us recall that a contact metric manifold is said to be rj-Einstein [9, p. 105] if it satisfies 

Q = al + br]®£ t , 

where a, b are some differentiate functions on M. 

In [11], D. E. Blair, T. Koufogiorgos and R. Sharma studied the contact metric manifolds 
satisfying Q(p = <pQ and obtained the following 

Proposition 4.16 If (M 3 , 0, £, 77, g) is a contact metric manifold, then the following state- 
ments are equivalent: 

(i) M is rj-Einstein, 

(ii) Q(p = 4>Q, where Q is the Ricci operator, 

(iii) M is a (k,0) -space, with k constant. 

In view of Theorem 4.1, we know that a contact metric generalized (ft, /x)-space form 
M(/i, . . . , f§) satisfies condition (iii) if and only if f\ — / 3 is constant and f^ — fe — 0. We 
will now study when the conditions (i) and (ii) hold. First, we calculate the Ricci operator 
Q: 

Proposition 4.17 Let M 2n+1 (f\, . . . , / 6 ) be a contact metric generalized (k,, fi) -space form. 
Then 

Q = (2n/i + 3/ 2 - / 3 ) / - (3/ 2 + h (2n - 1)) 77 ® f + (/ 4 (2n - 1) - / 6 ) h. (4.28) 

Moreover, if we also suppose that k — fi — fa ^ 1 and /1 = / 4 — / 6 are constant, then M is 
a non-Sasakian (k, /i) -space and 

Q = (2 (n - 1) - n/j) i" + (2 (1 - n) + n (2k + fi)) rj <8> ^ + (2 (n - 1) + //) /i. (4.29) 

Proof. An straightforward computation with respect to a 0-basis gives (4.28). On the other 
hand, if k — fi — / 3 ^ 1 and /x = / 4 — / 6 are constant, then the equations (4.8) hold if M 
has dimension greater than or equal to 5 and (4.27) is true if M is a 3-dimensional manifold. 
Applying them to (4.28) yields (4.29). □ 

Remark 4.18 Let us notice that the previous proposition means that a contact metric 
generalized (k, /x)-space form M 2n+1 (/ l5 . . . , / 6 ) is n-Einstein if and only if / 4 (2n — 1) — / 6 = 0. 
In particular, M 3 satisfies condition (i) if and only if / 4 — / 6 = 0. 

We can also prove the following 
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Proposition 4.19 If M 2n+1 (f\, . . . , / 6 ) is a contact metric generalized (k, jj)-space form, 
then 

Q<P-<PQ = 2(/ 4 (2n - 1) - U)h4, (4-30) 
where Q denotes the Ricci operator on M. 

Proof. Using rj o = 0, from (4.28) we obtain 

Q0 = (2n/i + 3/ 2 - / 3 ) + (/ 4 (2n - 1) - / 6 ) (4.31) 
Applying to (4.28) and using (2.3) we get 

0Q = (2n/i + 3/ 2 - / 3 ) - (/ 4 (2n - 1) - / 6 ) /i0. (4.32) 

Therefore, (4.31) and (4.32) imply (4.30). □ 

Remark 4.20 We deduce from Proposition 4.19 that if M 2n+1 (/i, . . . , /g) is a contact metric 
generalized (/c, /i) -space form, then Q0 = 4>Q is true if and only if / 4 (2n — 1) — / 6 = 0. In 
particular, M 3 satisfies condition Q0 = 4>Q if and only / 4 — / 6 = 0. 

We may resume the previous results in this proposition: 

Proposition 4.21 If M 3 (fi, . . . , / 6 ) is a contact metric generalized (k, fj) -space form, then 
the following conditions are equivalent: 

(i) M 3 is rj-Einstein, 

(ii) Qcf) = <f>Q, where Q denotes the Ricci operator, 

(iii) M 3 is a (f\ - f 3 ,0)-space, 

(iv) / 4 -/ 6 = 0. 

Remark 4.22 If a contact metric generalized (k, /i)-space M 3 (/i, . . . , / 6 ) satisfies / 4 — / 6 = 
0, then /x — / 3 is constant. This would be a particular case of [20, Theorem 10]. 

D. E. Blair and H. Chen proved in [12] the following theorem, which improves the clas- 
sification of contact metric manifolds satisfying Q(p = <pQ given in [11]: 

Theorem 4.23 Let M 3 be a contact metric manifold satisfying Q<p = <pQ. Then M 3 is 
either Sasakian, flat or locally isometric to a left invariant metric on the Lie group SU{2) 
or SX(2,R). In the latter case M 3 has constant ^-sectional curvature k < 1 and constant 
(p-sectional curvature —k (this structure can occur on SU(2) if k > and on SX(2,R) if 

K < 0). 

We deduce from the previous theorem the following proposition: 

Proposition 4.24 Let M 3 (f\, . . . , fa) be a contact metric generalized (k, /j,)- space form. If 
fi — h 7^ 1 an d f4 — fe = 0, then f\ — f 3 and f\ + 3/2 are constant and 2/i + 3/2 — / 3 = 
holds. 
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Proof. We know that M 3 is a contact metric manifold satisfying Qcf) = <pQ due to Proposi- 
tion 4.21. Applying Theorem 4.23 and using the 0-sectional and ^-sectional formulas from 
Propositions 3.7 and 3.8 we get the wanted result. ■ 

We will now study the scalar curvature: 

Proposition 4.25 If M 3 (/i, . . . , / 6 ) is a contact metric generalized (/t, fi)-space form, then 
the scalar curvature r is given by 

t = 3 A±IA^Il. (4.33) 
Moreover, if k — f\ — / 3 ^ 1 and /i — / 4 — fe are constant, then 

K — fi 
T= —- 

Proof. An straightforward computation with respect to a 0-basis yields 

r=\{K (X, <j>X) +K(X,£) + K (<j>X, £)) , 

and using Propositions 3.7, 3.8 and Corollary 3.9 we get (4.33). 

Furthermore, if k — f± — / 3 ^ 1 and fj, — f 4 — f 6 are constant, we only need to apply 

(4.27) to obtain 3A + 3/ 2 - 2/ 3 = -(/ 4 -/ 6 ) + (/i-/ 3 ) = «-^ ° 

Corollary 4.26 Let M 3 (/i, . . . , / 6 ) be a contact metric generalized (k, fx) -space form with 
k — fi — fz 7^ 1, fx — fi — fe constant. Then 

Q = (3r - re) I + 3 (re - r) r] <g> £ + (re - 3r) /i. 

We will prove the next theorem using the formulas we have obtained for Q and r and 
the expression that connects both of them to R on a 3-dimensional Riemannian manifold: 

R(X,Y)Z = g(Y,Z)QX-g(X,Z)QY + g(QY,Z)X-g(QX,Z)Y 

-3r{g(Y,Z)X-g(X,Z)Y} (4.34) 

for any vector fileds X, Y, Z on M. 

Theorem 4.27 If M 3 (/i, . . . , / 6 ) is a contact metric generalized (re, fi)- space form, then its 
curvature tensor can be written as: 

R (X, Y)Z — (/1 + 3/ 2 )i?! (X, y) Z + (3/ 2 + / 3 )i? 3 (X y) Z + (/ 4 - / 6 )i? 4 (X, y) Z. (4.35) 
// we a/so suppose that re — fi — / 3 7^ 1 and /x = / 4 — / 6 are constant, then 

r (x, y) z = -(« + /i)/?! (x, y) z - (2k + ^)i? 3 (x, y) z + ^ (x, y) z. 
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Proof. Equation (4.35) is obtained by substituting (4.28) and (4.33) in (4.34). Moreover, 
if k — fi — f 3 ^ 1 and /i — f± — f e are constant, then (4.27) holds, so /i + 3/ 2 = — (k + fj) 
and3/ 2 + / 3 = -(2K-^). ' □ 

We will now check that the first example of a generalized (k, /z)-space of dimension 3 
given by T. Koufogiorgos and C. Tsichlias in [18] is a contact metric generalized (k, //)-space 
form M\fl 0, /*, / 4 *, 0, 0) with /*, /*, / 4 * not constant. 

Let M 3 be the manifold M = {(xi, x 2 , x 3 ) G R 3 | x 3 7^ 0}, where (zi, £ 2 , £ 3 ) are the 
standard coordinates on IR 3 . The vector fields 

d d 2x 1 d 1 d Id 
ei = 7^— , e 2 = - 2x 2 x 3 - 1 ^7^—, e 3 



(7Xi OX\ X3 6 OX2 Xj, OXz ^3 OX2 

are linearly independent at each point of M. We get 

2 1 

[ei,e 2 ] = — e 3 , [e 2 , e 3 ] = 2ei H re 3 , [e 3 ,ei]=0. 

^3 ^3 

Let g be the Riemannian metric defined by g(e{, Cj) = Sij, i,j = 1, 2, 3, V its Riemannian 
connection, R the curvature tensor of g and 77 the 1-form defined by f](X) = g(X,ei), for 
any X on M, which is a contact form because 77 A di] 7^ 0. Let be the (1, l)-tensor field 
defined by 

0ei = 0, 0e 2 = e 3 , 0e 3 = -e 2 . 
Using the linearity of 0, <i?7 and g we find 

77( ei ) = 1, 2 X = -X + 77 (X) ei , rfr7 (X, F) = g(X, <J>Y), 

g(0X, 0F) (X,F)- 77 (X) 77(F), 

for any vector fields X, F on M. Hence (0, ei, 77, (?) defines a contact metric structure on M. 
Using Koszul's formula we obtain: 

V ei e 2 = ( -1 + — J e 3 , V ei e 3 = ( 1 - e 2 , V e2 e 3 = ^1 + e u 

V e2ei = -(1 + — )e 3 , V e3ei = ( 1 - e 2 , V e3 e 2 = ^-l + ^ ei --L e3 

V e3 e 3 = — - e 2 . 
x 3 3 

The tensor h satisfies 

he 1 = 0, he 2 = Ae 2 , /ie 3 = — Ae 3 , 

1 / 1 \ x 3 4 — 1 

where A = — -. Putting /j, — 2 ( 1 ) and k = — , we obtain 

%3 * V x 3 J 

R(X,Y)S = K (ri(Y)X-ri(X)Y)+»(ri(Y) hX — rj (Y) hX) . 
Therefore M is a generalized (k, /x)-space with k, \i non-constant functions on M. 









-A 


1 e 3 , 


V ei e 3 = ^ 


X 3 2 J 














) e 3 , 


V e3 ei = ^ 










V e2 e 2 = 0, 
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Let us now see that M is also a generalized (re, /i)-space form M(ft, 0, ft , /| , 0, 0). From 
the definition of Riemannian curvature, we get that the non-trivial curvatures are: 



R(e-\ . eo)e-\ = 


— (re 4- \u)eo. 


R(e-\ . eo)eo = 


(re + Aulei . 


Pip, p n Vq = 





R(e 1 ,e 3 )e 1 = 


(-re + A/i)e 2 , 


R(e 1 ,e 3 )e 2 = 


o, 


R(e 1 ,e 3 )e 3 = 


(k - Xfj,)e 1 , 


R(e 2 ,e 3 )e 1 = 


0, 


R(e 2 ,e 3 )e 2 = 


(k + // - 2A 3 )e 3 , 


R(e 2 ,e 3 )e 3 = 


-(re + /i - 2A 3 )e 2 



On the other hand, we know that every contact metric generalized (re, /i)-space form 
M(ft , 0, /g, ft, 0, 0) is a generalized (re*, /i*)-space with re* = /* - /j* and /i* = ft. Using 
(4.26), we can write the above curvature values in terms of re*,//* and ft. If we make equal 
both sets of equations, we obtain a system which can be simplified to: 

re + A// = re* + A/i* 
re — A/x = re* — AyU* 

/1* = -(re + ^-2A 3 ), 

and hence 

K — K — J 1 ~~ J3 
H = H* = ft 
ft = _( K + /i _2A 3 ). 

Therefore, the solution to the system is: 

2 12 
ft = -3 + — + — + — 

£3 ^3 2:3 

2 2 2 

/3 = - 4 + — + — + — 

£3 ^3 a^3 b 



21- 



Thus we conclude that this example is a contact metric generalized (re, /i)-space form 
M 3 (f± , 0, ft, ft, 0, 0), where ft, ft, ft are non-constant functions. Moreover, its scalar cur- 
vature is, by (4.33), 



1 1/212 
- (3/* - 2/*) = - -1 + — - — + — 
3 3 \ x 3 2 x 3 A x 3 b 



and therefore not constant. 
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Remark 4.28 The second example of generalized (k, //)-space of dimension 3 given by T. 
Kougfogiorgos and C. Tsichlias in [18] is also a contact metric generalized (k, /z)-space form 
M 3 (fi, 0, /|, ft, 0, 0) with non-constant functions: 




5 Trans- Sasakian generalized (ac, /i)-space forms 

We will see in this section that if a manifold is trans-Sasakian, then h — 0. Hence every 
generalized (/c, //) -space form M(/i, . . . , / 6 ) with a trans-Sasakian structure is a generalized 
Sasakian space form (see [1, 2]). 

We recall that an almost contact metric manifold (M, 0, £, 77, <?) is said to be trans- 
Sasakian if there exist functions a and (3 on M such that 

(Vx0)F = (X, Y)Z-r) (Y) X) + /3(<?(0X, Y)£ - V (Y) <j>X), (5.1) 

for any vector fields X, Y on M. In a trans-Sasakian manifold it is known that 

V x £ = - a<pX + [3 (X - V (X) . (5.2) 

We will now prove two properties that trans-Sasakian manifolds have in common with 
contact metric manifolds. 

Proposition 5.1 If (M, 0, £, 77, g) is a trans-Sasakian manifold, then = and = 0. 
Proof. It follows directly from (5.1) and (5.2). □ 

Proposition 5.2 If (M, 0, £, 77, g) is a trans-Sasakian manifold, then h — 0. 
Proof. Using the definition of h and applying the usual properties we obtain 

2hX = (L^)X = (V 5 0)X - V 0X £ + (bVxi. 
Therefore, the result follows directly from (5.2) and Proposition 5.1. □ 

Corollary 5.3 Every trans-Sasakian manifold with a contact metric structure is Sasakian. 

Proof. If M is a trans-Sasakian manifold, it follows that h = from Proposition 5.2. If M is 
also a contact metric manifold, then it is a fT-contact manifold and Vx£ = —<pX is satisfied. 
Comparing such an equation with (5.2), we deduce that a — 1 and (3 — 0. Substituting these 
values in (5.1), we obtain (2.2), which is one of the characterizations of Sasakian manifolds. 
□ 

In view of Proposition 5.2, we have the following 

Theorem 5.4 Every trans-Sasakian generalized (k, [/)- space form is a generalized Sasakian 
space form. 
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